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I. INTRODUCTION 
1.1 Object and Scope 
This study is concerned with the bending analysis of doubly-curved 
shallow shells with rectangular planforms. The work of Noor and Veletsos, (7) 
is extended to include elastically supported shells. The equations of the 
theory of shallow shells developed by Vlassov are used. Assumptions ~de in 
the analysis of the shell are the same as those considered in (8). 
The present study starts from the formulation of the governing 
equations expressed tn terms of the displacements u, v and w. These three 
differential equations, specialized to shallow shells, are expressed in finite 
difference form, using the modified finite-difference method. All quantities 
represented by odd order derivatives of the unknown displacement components 
are defined at points midway between those used tn defining the even order 
de r i va t i ve s • 
The axial, bending and torsional stiffnesses of the curved boundary 
beams are taken into account. The parameters appearing in the equations and 
corresponding to each of these stiffnesses allow simulation of any type of 
boundary condition at any of the four edges. The stiffnesses may be computed 
directly according to the dimensions of the curved beams, or modified accord-
ing to assumed behavior for the supporting members. 
For the formulation of the governing equations using the three 
displacements u, v, and w as unknowns, Hoor's numerical study considers shells 
with two opposite edges simply supported -and si.nusoidal normal load, so that 
the exact, Levy type. solutions of the governt.ng ·differential equations could 
be used as a basis for comparison. Therefore, in Noor's study the variation 
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of the displacements and forces along the shell are given by the sine'or 
cosine law and the only unknowns are the magnitudes of the displacements .at 
the center of the shell. 
For this study it was necessary to develop a computer program to 
solve the "two dimensional" case, i.e., to consider variations with respect 
to both tangential coordinates of the shell. 
Two different conditions are investigated at the corners: 
(a) The shell is restrained in t·ts plane, i.e., u and v displace-
ments are equal to zero at the corner. 
(b) The shell is free to move in its plane, i.e., Nand N are 
x y 
equal to zero at the corner. 
In both cases columns rigid in the normal direction support the shell at 
the corners. Condition (b) makes possible the solution to the problem of 
prestressing the shell at the edges. 
1.2 Nomenclature 
a, b z:: shell dimensions 
b 
xv 
b 
xw 
b yu 
b yw 
c 
x 
z:: 
III: 
c: 
• 
:::: 
El 
xv a 
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El 
xw 
K k2
2
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El 2 
~.!... 
5 K 
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El yw 
K k2
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a
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f 
x 
b 
xw 
2 I 2 xv :c-- (I-v) 
a
3h 
1 1 XW ::::--
a
3h (k2a) 
2 
1 2 ::::~ (I-v) 
a
3h 
I 1 
a:: -:t:!! 
.3h (k2a) 
2 
2 (I-v) 
2 (1-" ) 
c y 
c 
o 
E 
f 
o 
F 
Y 
f 
x 
f 
Y 
G 
h 
I 
xv 
I 
xw 
I yu 
I yw 
J 
x 
J 
Y 
K 
f 
:: ...:L-
b yw 
b 
II: - == side ra t i 0 
a 
Eh3 
"-"";'---=-2 2C flexural rigidity of the shell 
.12(1-v) 
2C Young1s modulus of elasticity 
= rise of the shell at the center 
~ rise of the shell in the x and y ~Lrections respectively 
= cross sectional area of the supporting beam spanning in the 
x direction 
B cross sectional area of the supporting beam spanning in the 
y direct ion 
EF 
x 
II: .-3 
• 
2 F 
., = 2 (1_",2.) 
· K ah 
EF 2 F 2 
= -:I. a r::....:t. (I ) 
3 • K ah -" 
a 
:: shear modulus 
= shell thickness 
:: moment of inert·ia about the z a>:<is of the beam spanning in 
the x direction 
= moment of inertia about the y axis of the beam spanning In 
the x direction 
= moment of inertia about the z axis of the beam spanning In 
the y, d I r ec t i on 
:: moment of inertia about the x a,xi's of the' beam spanning in 
the y d i rec t ion 
:: coefficient of the torsional, ri~ldity for the bea~ spanning 
In the x direction 
2C coefficient of the torsional rigidlty for the beam spanning 
in the y direction 
Eh 
81: -2 - shell extensional rlgJdity 
I-v 
kl , k2 
k , k , k 
u v w 
~, kH 
B kN, 
B kM, ~ 
M1, '"'2' 1'1 12 
HI' HZ' Nl2 
N 
n 
PI' P2 
Pz 
PI 
P2 
Pz 
QI' ~ 
RI , R2 
u, v 
w 
x, y 
z 
y 
~J T} 
ex 
0 
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::: principal curvatures 
lC numerical coefficients of the d I sp'lacements 
:c numer i ca 1 coefficients of the membrane forces and moments 
::: numer i cal coefficients of the axial forces and bending and 
torsion moments on the beams. 
= moments per unit length of the shell 
::: membrane forces 
n 
== -
== 
= 
= 
::: 
c 
::: 
c 
number of pivotal intervals in the ~ direction 
loads tangent to middle surface {load per unit area} 
load normal to middle surface {load per.unit area} 
1 a 2 
Pz k
2
a K 
transverse shears (force per unit length) 
reactions (force per unit length) 
displacements tangential to middle surface 
displacement normal to middle surface 
coordinates on the middle surface 
coordinate normal to middle surface 
kl 
= - = curvature ratio 
k2 
= dimensionless coordinates on middle surface 
= 1 i721 -',) 
v 
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1 h 2 
III: - (-) 12 a 
1 
L 
c ~ c rectangularity of the grid 
tx 
c ~~ = number of pivotal intervals in the ~ direction 
~ Poisson1s ratio 
GJ J 1 x x (I-v) = 
k 2 5 
c 
2 a 3 h 2 2 a K (k2a) 
GJ J 1 
=; Y 
= 
y (1- v) 2 5 2 a 3h 2 k2 a k (k2a) 
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II. FINITE DIFFERENCES PATTERNS 
2.1 Governing DifferentIal EQuations in Terms of Displacement Conponent$ 
The three governing differential equations expressed in terms 
of the displacement components are (8): 
(2.la-c) 
where subscripts on the displacements indicate differentiation with respect 
to the variables indicated by the script, 'P I , P2 , Pz are the components of 
the external load In the x, y and normal directions, respectively_ The 
curvatures of the normal sections, taken along the coordinate lines x and y 
of the surface, are denoted by kl and k2- In shallow shell theory kl and k2 
are assumed to be constant and approximately equal tQ the principal curvatures. 
The coordinates are replaced by a dimensionless system defined by 
X ~E­
a 
11=:1. b 
For translational shells, the foregoing equations thus take the following 
form: 
-7-
I 2 2 2 2 1 a2 (y+'J) ull" + -c (l+vy) van + (1+2vy+y ) k28W + a v v k aw .. P - - Ie 0 ~ 'I .2 Z k2i1 K (2.2c) 
where b c :::: side ra t i 0 = -
a 
~l 
y = curvature ratio :I -k2 
9292 d
4 2 d4 1 d4 
-+- +-
dS 4 c2 dS 2d1l2 4 01/4 c 
a
2 1 2 1 
= shell parameter :- ~) 2 12 a (k2a) 
The expressions for the deformations and curvature change in terms of the 
displacement components are: 
III 
s 12 :: 2 a (~ U1) + v s; ) 
I 
X2 I: - 2 
a 
I 
2 w1l11 
c 
I 1 
X12 = - 2 c w~ll 
a 
Simalarily, the expressions for the stress resultants become: 
(2. 3a- f) 
(2.4a-b) 
KJ.:.y (1 ) 
N 12 = -; 2 \""c uTI + v ~ 
o II: __ 
2 
a 
.. 8-
(2 .4c- j) 
In applying the method of finite differences, the derivatives of 
the unknown functions of u, v, and w, are replaced by approximate expressions 
using the values of the unknown functions at nodal points. 
The middle surface of the shell 1s subdl~ided,by a rectangular 
network of grid lines. Nodal points are located at the intersections and 
midpoints of the grid lines. The governing equations expressed In difference 
form are established at each nodal point so that a system of simultaneous 
algebraic equations is obtained. These equations involve as unknowns the 
values of the displacements u, v, and w at the appropriate nodal points. 
Nodal points, at which the various displacement comp'onents are deftned, are 
as shown in the figure below. 
1 
General interior point: 
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o w point 
x u point 
A v point 
The governing difference equations for a general interior point 
of the shell, obtained from Eqs. 2.2a-c; are presented in pattern form in 
Eqs. (2.5)- (2.7) • 
.... 
{tr·t' 
'- .... 
f.>:Nz u. + 
_ NZ\2~z + (1 r-~)} 
v 
(2.5) 
Equilibrium in the g direction. 
·Ll + v + 
(2.6) 
Equilibrium in the ~ direction. 
where 
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r-
.. 
-:; .. £ ... '6-+-
.. 
,66 '~2. ~.~£~ r't t;;z. 1 ~ . Cl<zo..w) - Fe = 0 
6~ -53 G4 
.. ~ ~ 
r1 5 , 
(2. 7) 
Equilibrium in the Normal Direction. 
N n a:: -
c 
n number of pivotal Intervals In the ~ direction 
b 
c = - == side rat i 0 
a 
I 
t3 = J..= rectangularity of the grid. 1 
x 
~N 1 number of pivotal intervals in the ~ direction = - :c 
IS 
51 &: 1 + 2 + 2 + a
2N4 (6 + ~ 2 + 6f3 4) VY. Y 
52 = _«x2t32N4( 1+f32) 
53 &: _4CX2N4 (1+t32) 
5 II: 2 a 2t32N4 4 
55 81: a 2t3 2N4 
56 &: a 2N
4 
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2 
Pl 
a 
z::: PI K 
2 
-
it P2 
81: Pz K 
1 Z P P a z::: oK z z k2a 
The points of definition of the stress resultants are as shown 
in the accompanying sketch. 
r 0 NI,NZ' M1,MZ 
x 
. Ql' RI 
6. QZ' RZ 
0 NI2 , MI2 
The expressions for the stress resultants 1n terms of the displacement 
components expressed in difference form .re 
Tangential Stress Resultants: 
(2.8a-b) 
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kl _ k 1-v { 
1\'112 - c:i:. Z -~ 
-I- L.:J'f:!N V } 
(2.8e) 
Bending and Twisting Moments: 
!"""""-
-yNz - r--- N2 
..... 
~ ... 
(3zN% c;1t 
~ ~ (~/.+~) J _2.1'iz w 
v ($zr{l,. V{tNz 
(,\-+y~Z) ) -2N2~ 
w 
)1N 2 N2 
~ u 
'--- ----' '"-
(2. 9a- e) 
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Transverse Shears and Reactions: 
r~ 
? ' 
~ 
_c;;ttl3 -~~tf 
,..., ,..., 
N~\ ~+-2~) 
_~3~3 
-(3t{ (Zf~@:t) 
~ ~ ~Nl 2-t'~(') ~5Ni. 
~%t\3 1 ~%N~ 
I ,oJ I~ 
( -w\ 3+Z~2) 
w 
r _~N:1 r~t-? 't{3 
..... 
,r, 
... 
..r 2-~ z-op) -~(: 
I r" 
" N.i{ 3+2 f (Z-1')} 
[ 
@tf~2( 2~)+~ ~~J 
., 
_ @>N'~( z-v) +3 fJ (1.--Y) ~&,.( ,~ 
I -N~~ '*z ~/(2-~)J 
-~ti (Z-Y) (3~ (Z-Y) 
r r 
.... 
N~ 
r ' 
(2 .10a- d) 
2.2 Existing Solutions for Shallow Shells 
The governing differential equations of the shallow translational 
shells with rectangular planformshave been solved in closed form only for a 
; restrictive set of support conditions by developing the unknown functions In 
certain types of series. 
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The three governing differential equations (2~ta-c) can be re-
duced in the case of no tangential1 load, PI a:: P2 • 0, to two dIfferential 
equations in the normal displacement wand a stress function t. These two 
equations, as given by Vlassov (8), are: 
1 
Eh 
222 
vv I-v w=O k 
(2.11) 
2 2 
where the symbols V and Vk denote the following second-order differential 
operators: 
The solution of Eqs. (2.11) for the most general class of boundary 
conditions has been outlined by Matlldi, (4) who introduces an auxiliary 
function: 
.. lie /DEh I + iw 
and thus reduces the system of Eqs. (2.11) to a single differential equation 
(2.12) 
The general integral of Eq. (2.12) is sought as the sum of the solution of 
the homogeneous equation and a particular integral. In case of synnetry 
about the ·center lines of the shell: 
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where 
(n) a y n nTTX 
t12 == e cos --a 
,(n) f3 x n cos~ c e 21 b 
- (n) = A {n} nTTX 
·1 cos --I a 
- (n) A(n) cos ..!!!!i: 
'2 = 2 b 
There are eight constants of integration to be determined for each term of 
the series. Furthermore, in the case of elastic supports, redundant forces 
have to be determined by the conditions of compatibility of the-deformations 
of the shell and the edge members. 
Vlassov (8) reduces the Eqs. (2.11) to an eight-order differential 
equation in a new function F(x,y). The resulting equation is 
(2.13) 
The functions t(x,y) and w(x,y) aredetermlned from the new function F(x,y) 
by the formulas: 
w == 
i 11: Eh V'~ F 
Equation (2.13) has been !Dived by Vlassov (8) and Apeland (I) for certain 
restricted types of boundary conditIons. Vlassov develops the function F(x,y) 
in double trigonometric series: 
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co 00 
F(x,y) 
= I "A . mrrx i nTTV \ Sln-- S n..:..:.:..:J... i... mn a b 
m=l n=1 
which satisfy the following boundary conditions at the four edges, 
i.e.: the shell has a hinged·constraint inmovable in the plane of the edge 
at every point along the edge but free to move normal to that plane. The 
same restriction on the boundary conditions is used by Apeland, but only on 
two opposite edges. This is achieved by developing F{x,y) in a Levy type, 
series. Any choice of boundary conditions can be considered on the remain-
tng two edges. 
2.3 Boundary Conditions for the Shell 
The aforementioned solutions, in series form, for the shallow trans-
lational shell problem present inconveniences in their use on practical pro-
blems over and above the tediousness of the computations required and the 
uncertainity in the convergence of the series. The diaphragm-type of support, 
required at least on two opposite edges by the nature of the mathematical 
solution, does not correspond to the actual boundary conditions usually'built 
in practice. In general, it is desirable to support a shell roof by columns 
that do not allow in-plane displacements at the corners. When this is not 
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the case the supports are supplemented by tension ties or the compression in 
the shell is supplied by embedded prestressing cables. There is no Nthe-
matical solution available for such support conditions. An approximate 
method of a discrete type like finite-difference is necessary for a better 
insight into the actual behavior of this type of structure. Such an approach 
makes possible the .simulation of any type of realistic boundary conditions 
and l~ding applications. 
The shells considered in this study are supported by elastic pri:s-
matic edge beams. The junction between a curved edge-beam and th~ shell is 
-illustrated in the· following figure. 
2,w 
At the junction of the shell and the edge member, which is assumed at the 
center.of gravity of the beam, both the forces in the shell and in the beam 
contribute to equilibrium. By expressing these forces in terms of the dis-
placements, adding thei r effect .and equating the r-~sultants to the external 
loads, three equations of equilibrium are obtained. These equations, taken 
in conjunction with the force-displacement rel.tions for the beam and the 
-18-
boundary conditions for the shell, provide a sufficient system for the 
determination of the edge member forces. 
For the shell and the beam to remain an integral unit the dis-
placements of the shell and the beam must be equal at theIr junction. This 
condition must exist right at the junction; however, in this study it is 
assumed that the compatability exists at the center of the beam. Thus the 
shell's boundary conditions are taken to be 
u shell c u beam 
v shell = v beam 
w shell = w beam 
e shell = e beam 
With these relations the bending of the edge beam in the tangent plane of 
the shell results in the violation of the axial deformation equality. 
In developing the stiffness expressions along the shell beam 
junction, the final result is approximated as the sum of the beam.values 
* plus the free edge terms for the shell .• The limiting case of zero edge 
beam stiffness is equivalent to a free edge. The equations of equilibrium 
of the shell for points of the network located at a free edge are found by 
a procedure similar to that used by Nielsen (6' in the case of plates. The 
patterns presented' belOw are tctken from Noor (.7). 
* In the expre~sions for Free Edge, the condition 
has been used along the boundary to find 
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consequently, the expression for Nl becomes 
However, in the case of beam at the boundary, 
EI 
a 
4 vC~~s: 
and 
K 2 . 2 EI 
N 1 C a {(I -" ) Us + '1: (I -" ) aw + " Ka 3 v ~ S S S 
The influence of the underlined terms has been neglected, so that the 
patterns for Free Edge can be used, adding only the terms. corre~pondin9 
to the arch. 
u - equation at the boundary: 
-
~N:Z~ rZ(I~Y")+} (1~V) 1 v+ 
N"(i ~v) 
z ... 
-
(2.14a) 
[I 
y - equation at the boundary: 
@Jl\'1-1) 
z. 
_f~2(1_'Y) 
~~ LA. + ~!J z 
-~(1-i-i) (3~l(~+y) 
2 
v 
z (1-'1') r!Jl' ~ z ~ _NZ~~2( 1-1)+ ofJ 
,.. 
N2. 
.) 
w - equation at the boundary: 
64 & ~~ 
r"6~, 
The coefficients denoted by S are listed on page 40. 
+ 
,. C::;4& 
(k~YJ) + p:2. == 0 
(2.14b) 
(2.14c) 
Similar equations for the edge reinforced by beams are derived 
in the following sections. 
2.4 Finite Difference Expressions for the Forces in the Curved Beams 
In the Winkler theory of curved beams, (3), the forces in the 
support member along an x axis are given in terms of the displacements by 
the following formulas: 
(2.15) 
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whe re ( ) I denotes differentiation with respect to axial coordinate of the 
1 For values of k » h, as in the present case of a shallow arch, the 
1 
beam. 
expression for Z can be approy!~ated as follows: 
Upon substituting the approximate expression for Z into Eqs. (2.15), the 
equations for the member forces become: 
N 
x 
M 
x 
u l 3 E Fx k 1 (w + -k ) + Elk 
1 xw 1 
E1 k 2 ( wI!) xwl w+-Z · 
kl 
Neglecting the underlined terms and using the same parameters as for ihe 
shell, the expressions for the beam stress resultants, in terms of displace-
ments, can be written as: 
EF NB = __ x
x a 
E1 
xw c:--2 
a 
(2. 1 7) 
The moments in the beam resulting from bending in the plane tangent to the 
shell at the boundary is approximated by: 
(2.18) 
Similarly, for the beam in the y direction; the corresponding 
equat ions are: 
EI 
MB ---2 Y - 2 
a 
EI 
:;:-~ 
2 
a 
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(Z.19) 
(2.20) 
(2.21) 
The finite difference form of the expressions for the torsion moments. 
found assuming that the rotation in the beam can be defined by the rotation of 
the adjacent panel of the shell, are: 
GJ 
TB == _ ---.:1. 
Y 2 
a 
[ tj:w] W 
[~:Jw 
which correspond to the well known formulae for the torsion of a beam: 
T8 I: GJ 
x x 
18 :;: GJ 
y Y 
de 
~ 
dx 
de 
-J. 
dx 
(2.22) 
(2.23) 
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2.5 Eouilibrium Equations for the Curved Beams 
In the following the contribution of the internal forces in th.e 
edge member to the general equilibrium at the edge is· derived. Only the 
terms arising from the edge beam are written. They are added to Eqs. (2.14) 
2 
to obtain the complete 
x and y directions and 
are required since Eqs. 
these fac tors. 
equat ions. a The factors K for the equi I ibrium in the 
_ 1 __ a2
for the equilibrium in the normal direction k2a K 
(2.14) have load terms PI' PZ' and Pz ' which contain 
The axial equilibrium of a beam spanning in the x direction is 
expressed by 
1 
Iy 
dN13 
~ 
dx 
2 PI 
· ~ + [She 11 Forces] + 2 c 0 
Introducing the notation 
f 
x 
EF 
x 11:--3 
a 
and using Eq. (2.15), the term resulting from the presence of the edge 
member is, 
} 
This beam contribution is added to the tangential equilibrium expression 
written along the edge of the shell. The final result is Eq.2.24 , which 
is included in the sunmary of special operators at the end of this chapter. 
Tangential support in the orthogonal direction is provided the 
shell by the bend i ng· S t i ffness of the edge beam about an ax is nonna 1 to 
the shell. 
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This dimensionless in-plane bending stiffness of the beam is denoted by 
EI 
b xv 
xv = --S-
a 
2 
a 
K 
Thus the contribution of the edge member to the bending equation in the 
plane tangent to the boundary is: 
-b 
xv [ ~r.fN£ ~f-fNC; y ~ "'Nc;. £rAf~s £~ b~ 
Adding this result to the shell terms yields Eq. (2.25 ) which is also in-
eluded in the summary of special operators at the end of this chapter. 
Equilibrium in the normal direction requires that 
dQB 
1 x 
--- -ly dx 
Qe.?Jet Since x + - xd.>< 
ox 
= dx 
The following dimensionless parameters are introduced: 
EI I b xw 
xw = 7 . k
2
a 
f 
x 
ex = -b-
xw 
2 
a 
K 
Then using Eqs. (2.16) and (2.17), the contribution to the normal equilibrium 
from the bending moment in the normal plane and the axial force if) the 
tangential plane is 
-25-
b 
xw 
Moreover, if at the boundary the shell is given a virtual displace-
ment normal to the surface without constraining the rotation, the beam does 
some work due to torsion. This also has to be added to the work done by 
the shell to find the equilibrium equation of the shell in the normal di-
rection. From rotational equilibrium about the ax.is of the beam, the follow-
ing equality of shell moment to beam torsion is found. 
The work done by the other forces in 
the shell is denoted by W. Summing 
x 
the shell contributions from the virtual 
displacement gives 
(T T • 6w + + p 1 L L (2) - ( 1 ) 1 y W s z 2 x yOW = 0 
Dividing by I I, the terms to add due 
x y 
to torsion is: 
I 
Ix 
T(2)-T{1) 
ly2 
Since in Eq. (2.14) the modified load term P is ·used, the torsional contri-
z 
but ion is rewritten in modified form as 
By letting 
the new mOdifying factor is 
-T 
X 
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The torsional stiffness of the edge member also affects the 
equilibrium in the normal direction at points one panel from the boundary, but 
now, the work due to H2 is negative. 
the new term is: 
_~2Ns 2~\Js _ (='lNr; 
Z (k"l.Ctw) 
x 
II=~ , 
~lN' ~ t'2r.JS -2 f->1-4;; 
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Similarly, for the beam in the y direction the contribution of 
the edge member to general equilibrium is expressed by the following 
equa t ions: 
-4.f~N£" 
,. 
c;gNS 
'=-' 
_4fN~ 
~c; 
-7 
"I 
where 
b yvv 
_ ~3Nr; :'~NP 
rJ-r-___ ..;..1 .flJ 
f 
Y 
b 
Y'" 
It 
EF 
= ---.:i. = Ka 
EI 2 
== .~..!....= 
5 K 
a 
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v 
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EI I 1 2 b = yw = J:!I. (I-v) yw Kk2
2
a
S 
a
3h 2 (kZa) 
GJ J 1 
"y ::: 
y 
= 
-.:L.- ( 1- \1) 
2a 3h 2 K2 2a SK (k2a) 
2.6 Special Patterns for Points at or Near the Boundaries 
The equilibrium equatio~s for the free boundary ~ (~ = const) are 
deduced ins i mila r manne r as in (7) for the free bounda ry ?;. The resul t i ng 
operators in finite difference form (Eqs. (2.24) to ~.32), are presented on 
pages 31 to 39. 
For the w point one panel from the corner, the equations are de-
duced by considering the equilibrium of the element (1) of the shell (shown 
in the sketch below). 
The equation of equilibrium in the normal direction is 
Dividing Eq. (~) by 1 1 and replacing the differences by derivatives Eq. (a) 
x y 
can be written as 
-30-
~Ql oQZ 
kINl - kZN Z + P c 0 OX +- -oy z 
Using 
1 
Clz 
1 aM IZ 1 
c: - ax -- H ly ly lyZ 2 
I Q1 
1 oM l2 1 
== - -- H Ix lx ox lx2 I 
substituting in (a), and replacing the moments by the displacement expressions 
results in Eq. (2.32). 
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The symbols utilized in the operators represent the following expressions: 
S' 2 
S· 3 
5' 4 
S· 6 
== _za2N4 {(1-\t2) + ~2(1_\l)} 
I: _202f3 2N4 ff32 + (2-v) J 
= a 2f3 2N4 (2- \I) -= S 4B 
Si I I = a 2N4 (5 + 8{32 + 6t)4) + ('(2 + 2vy + I) 
Si' ICI: a 2N4 (6 + 8t3 2 + 5t3~ + ('(2 + 2vy + 1) 
SID c a 2N4 (5 + 8t3 2 + ~~ + (y2 + 2vy + 1) 
s· IZ a 2N4 (6 + 8t3 2 + 6(34) + (y2 + 2vy + 1) 1 
S2 I: _ 4(X2f3 2N 
4 (1 + f3 2) 
S3 .. _4a
2N4 (1 '+ f32) 
S4 = 2CX
2
t3 2N4 
S5 == a
2t34N4 
S6 a:: a
2N4 
'(2 2 2 4 2 
SIB == _ (I-v) + a H {I + ~ (1-,,) 2 
S2B c - 2(l2t3 2N 
4 ( 1- v) + t3 2 ( 1- \t 2) } 
242 
c: - 2a N {I + t3 (2- ,,) } 
S48 a: a2t32N4(2_v) -= $4 
SS8 == 1/2 a 2t34N4 ( 1- \12) 
S" 3 = S3 + 2(1 + ~2) .' S6 
~ 
III: S4 - ~ • S6 
+ 3f3 4 ( 1- v 2) J 
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2.7 Pattern for point at a corner (u,v fixed) 
Operators (2.24b), (2.25b) and (2.28b) J (2.29b)- for the case of 
u,v fixed at corner A are obtained by assuming the followins equalities: 
j+1 
j-1 
l<-1 
A 
k 
u ( k+ 1 ) = - u ( K- 1) 
v ( J+ 1 ) = - v (J- 1) 
2.8 Patterns for points at a corner (u,v free) 
Prestressing forces can be taken into account if displacement u 
and v are allowed at the corners. The u and v equations at the corners have 
to be modified with respect to the equations previously developed, which are 
valid only for fixed corners. The modification is obtained by considering 
the equilibrium of a corner element of the shell. 
(NI)1 = 0 
1/2 ly [(N1)OJ + Ix(N1Z)1 + 1/2 lxlyPI = 0 
Dividing by 1 1 the tangential equilibrium y x 
becomes 
1/2 t (NI)O +t (N I2)1 + 1/2 PI = 0 
x y 
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The equil ibrium of the corner element expressed in terms of displacements, 
is given by Eq. (2. 33 ). If the same procedure is applied to an element of 
the shell in the '11 direction, Eq. (2.34) is obtained. 
u and v displacements allowed at the corner. 
fJ equation 
-
---{X 
f'N7t:}\N~] 
N;t~1t +zfAl b111 ~ 
" 
- ~tJc;~u 
'" 
(2.33) 
v egua t i o~ 
F->NLI~ 
- z 
.... u.. + -f'fl 
1 ~N·\:!"' I z. 
f't+~H~-t1 C:!~ftt b' } Z }l.-I_~~ 
L 
a~4(~ 7,3hx I (2 -+z~ N ". 
v 
1 ~ l N '=i +~N t1 } 
(2.34) 
I I I. NUMERICAL EXAMPLES 
3.1 General 
Three sets of problems are discussed in this chapter. These problems 
were chosen to demonstrate the influence of the various stiffnesses of the edge 
members upon the stresses that result within the shell. Also the effect of the 
amount of restraint provided at the corners is investigated. The importance of 
this restraint is demonstrated. Finally, the ability of this discrete solution 
method to simulate the boundary conditions generally assumed in the mathematical 
analysis of shells is shown. This abil ity is of passing interest in that it 
provides a check on the system. 
The shells considered herein have both symmetrical geometry and loading. 
Therefore, by using only one quadrant of the shell tn the analysis, the number of 
unknown displacements is reduced to one-fourth of the original number. In all 
the cases, the type of loading considered is a uniformally distributed load and 
the Poisson's .ratio is equal to zero. 
3.2 All Edges Supported by Elastic Beams 
An elliptic paraboloid and a hyperbolic paraboloid with a square plan-
form and equal radii of curvature in both directions (c = • 1, ~ = for E.P., 
v = -1. for the H.P.) are considered. An 8 x 8 grid on a quadrant of the shell 
is used in the analysis. The plots of the displacements w, the forces Nand y 
the bending moment M at the midsection of the ell iptic paraboloid are shown in 
x 
Fig. 3. The axial force and bending· moment on the edge beam are given in Fig- 4 
for the elliptic paraboloid. Similar plots for the hyperbolic paraboloid are 
shown in Fig. 5 and 6. 
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Three different cases of support are employed for each of the shells. 
Only axial and bending stiffnesses of the beams are considered. 
Case a) f 
x 
f = 5. y 
b = b = 1. 
wx wy 
The resu1ts are very close to those obtained for the simple support condition; 
in other words, diaphragms rigid in their own plane while flexible norma 1 to that 
plane. 
Case b) f ~ f - o. 1 
x Y 
b = b = 0.002 
wx wy 
u,v displacements allowed at the corner. 
The values of the relative stiffnesses correspond in this case to dimensions of 
the edge beams comparable to those built in practice. Fig. 3 indicates l~rge 
values of tensile stresses near the edge for the E.P. Fig- 5 shows a similar 
effect, but now compression, for the H.P. 
Case c) The same axial and bending stiffness for the beams used in 
Case b are considered, but now the u,v displacements at the corners are restrain-
ed. A marked reduction of stresses and displacements can be seen from the figures. 
3.3 Two Opposite Edges Simply Supported and the Remaining Two Edges Free 
The dimensions of the elliptic paraboloid con~idered are as shown in 
Fig. 5. They are the same as those of a shell studied by Bouma (2) using a 
Levy-type solution and by Mohraz and Schnobrich (5) using a discrete element 
system. The simple support condition is obtained by assigning very high axial 
and bending stiffnesses to the edge beams. Fig_ 7 shows the normal deflections, 
the forces N and the moment M at the midsection of the shell. These values y x 
are in good agreement with those given in the aforementioned studies. 
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3.4 Two Opposite Edges Supported by Hinges or by Rollers with Restrained 
Corners while the Remaining Two Edges are Free 
The same shell used as Example 3.3 is now solved with two different 
conditions assumed for the supported edge. 
a) u, v, and w displacements are equal to zero at the supported 
edges. This is equivalent to a hinge-type support. 
b) v and w displacement are equa1 to zero at the supported edges as 
was considered in Example 3.2 but this time the v displacement at 
the corner is also restrained. 
The results obtained are presented in Fig. 8. These are to be compared with the 
results given in Fig~ 7. Again the marked effect of the additions.1 displacement 
restraint is seen. Both for problems 3.2 and 3.4, a 6 x 12 grid is used in the 
analysis. 
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IV. CONCLUSIONS 
The examples shown indicate that the variat ion of the stiffnesses of 
the edge beam has considerable influence only in the region of the shell near 
the boundaries. The restraint of the corner, however, significantly affects 
the whole shell. 
No general conclusions can be derived as to the Values of the stiff-
ness that make the shell simply supported by diaphragms infinitely rigid in their 
planes since those values depend on the dimension of the shell and wi 11 be 
different for every value of ~ selected. Nevertheless, the results obtained 
o 
suggest that the assumptions made for the boundaries in the mathematical solution 
of the simply supported shell by Navier or Levy series should be considered with 
care in each particular case. The type of mathematical solution of the shallow 
shell problem usually restricts the type of boundary conditions. The importance 
of this fac~ is shown in the examples. 
A superposition of 2 Levy-type series allows in principle the solution 
of the elastically supported shell, although at the price of cumbersome ca1-
culations. But even in this case, only the restrictions arising from the edge 
beams, not at tre corners, can be taken into account. In general, shells are 
built to work in compression. If the corners cannot be fixed by abuttments, then 
ties or prestressing must provide the necessary restrictions. The examples 
solved show the difference in the behavior of the shell under the 2 limiting 
conditions considered at the corners. 
The procedure discussed in this study offers an approximate solution 
to problems in which the boundary conditions or the type of loading do not allow 
a mathematical treatment. 
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v. COMPUTER PROGRAM 
5. 1 I nput and Output 
The appl ication of the expressions developed in Part I t has been 
programmed for the IBM 7094. Symmetry is assumed, so that only a quarter of 
the shell needs to be considered. The input data consist of: 
PR =: \) Poisson's ratio 
AKl = r:t 
0 
FX = f 
x 
BVX ::: b 
xv 
BWX 
-
b 
xw 
TX ::: 1" X 
and the similar quantities for the beam y 
FY, BUY, BWY, TY 
which represent the relative stiffnesses of the boundary beams (f axial, b bend-
ing, T torsional stiffness respectively). 
The shell is supported by columns at the four corners; u and v dis-
placements can be either restrained or allowed at the corners. Co1umns at other 
points can be easily simulated by setting the w displacement equal to zero. 
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The main program was written for normal load only. Any other case of loading 
can be readily treated by assigning values to the load vector B at the point and 
direction required. This can be done to obtain a program which solves a prestress-
ing load applied to the shell. 
The solution of the system of equations by a standard Gauss procedure 
gives 
2 
!L 
K 
The output consists of coefficients for the displacements and forces, k , k , 
u v 
etc. The displacements and forces themselves are given by the following expres-
s ions: 
k 10-4 x as u = · u 0 
as 
k 10-4 v = · x-D v 
4 
w = k 
· 
10-4 ~ 
w D 
The normal and shear forces 
N = kN .. 
1 
.. 
k2 pz 
except at the edges, where 
2 
Pz 
in 
k2 . -p z 
k2 . Pz 
the shell are 
a 
N2 = kN2" k2 · Pz at edge y - 0 
2 
a 
N} :: kNl • k2 • Pz at edge x :: 0 
The bending moments in the she 11 : 
M :: k . 2 . 10-2 
M a 
The axial force in the beams: 
NB c kB . a . 
N k2 Pz 
The bending moments in the beams: 
given by: 
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MB kB 
2 
10-2 . a . z::: . Pz v Mv k2 
~= kB • a3 . 10-2 . Pz MW 
The torsion moment in the beams: 
B B 3 -2 
T = k.f • a • 10 • Pz 
5.2 - FLO~.J DIAGRAM 
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Sta rt 
Read in the Input Data 
Set Coefficient Matrix = 0 
00 
J = 1, JMAX 
K = 1, KMAS 
Determine distance from 
boundaries and select operators 
Write u, v, w equations 
, 
Solve equations for 
u, v, w 
Compute st ress 
resultants 
, 
Stop 
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